DYNAMICS OF THE HEAT SEMIGROUP IN JACOBI ANALYSIS 
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Abstract. Let A be the Jacobi Laplacian. We study the chaotic and hypercychc 
behaviour of the strongly continuous semigroups of operators generated by perturbations 
, of A with a muhiplc of the identity on spaces. 

(N 

^ • 1. Introduction 

(N 
CN 

Chaos in the context of strongly continuous semigroups of bounded Unear operators in 
<^ ■ Banach spaces has been introduced by W. Desch, W. Schappacher and G. Webb [5J as a 
• , generahzation to continuous time of the discrete time case. In their paper [5j, the authors 
d ' give a sufficient condition for a strongly continuous semigroup to be chaotic in terms 

of the spectral properties of its infinitesimal generator. Moreover they study in detail 
many examples, mainly the transport equation and second order differential operators 

> 

0\ • with constant coefficients (see also [1]). 

»■ : 

, The purpose of this paper is to apply the criterion in [5j to study of the dynamics of 

I the (modified) heat semigroup generated by the Jacobi operator (i.e., the generator is a 
^ perturbation of the Jacobi operator by a multiple of the identity), which is a second order 

differential operator with nonconstant coefficients. 
^ ■ Jacobi analysis can be developed as a generalization of the Fourier-cosine transform 

. and has been studied by many authors (see [I2]), the main interest being the interplay 
between the analytic and geometric properties of the Jacobi operator. Indeed, in certain 
cases, the Jacobi operator is the radial part of the Laplace-Beltrami operator on Damek- 
Ricci spaces [2|, therefore Jacobi analysis includes radial analysis on symmetric spaces of 
real rank one as a special case. 
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The dynamics of the (modified) heat semigroup on non compact symmetric spaces was 
aheady studied in [HI HO]- We extends the results in |9j to the context of Jacobi analysis. 
Therefore, as particular cases, we cover Damek-Ricci spaces and Heckman-Opdam root 
spaces of rank one, which were not treated in [9]. 

The paper is organized as follows: in Section 2 we settle notation and recall some basic 
facts regarding chaotic semigroups, Jacobi analyis and Lorentz spaces. In Section 3 we 
establish some properties of spherical functions, the weak type (1,1) boundedness of the 
heat maximal function and the inversion formula. In Section 4 we apply the results 
in the previous section to the study of the dynamics of (modified) heat semigroups. 

2. Notation and Preliminaries 

2.1. Chaotic semigroups. In this paper we follow R. L. Devaney who has defined 
chaos in metric spaces in the following sense. A continuous map / on a metric space X 
is said to be chaotic if it is topologically transitive, i.e., some element has a dense orbit, 
and if the set of its periodic points is dense in X. These two conditions imply (see [3]) 
that / has sensitive dependence on initial conditions. 

In [3] the authors have generalized this definition to strongly continuous semigroups as 
follows. 

Definition 1. A strongly continuous semigroup {T{t) : t > 0} on a Banach space X is 
said to be hypercyclic if there exists f in X such that its orbit {T{t)f : t > 0} is dense 
in X. 

Definition 2. A strongly continuous semigroup {T{t) : t > 0} on a Banach space X is 
said to be chaotic if it is hypercyclic and the set of periodic points 

{f eX ■.3t>0 such that T{t)f = /} 

is dense in X. 

We denote by cr(i?) and apt{B) respectively the spectrum and the point spectrum of a 
linear operator i? on a Banach space X . 



DYNAMICS OF THE HEAT SEMIGROUP IN JACOBI ANALYSIS 3 

A sufficient condition for a strongly continuous semigroup to be chaotic in terms of 
the spectral properties of its generator was given by Desch, Schappacher, and Webb 
Theorem 3.1]: 

Theorem 2.1. Let B he the infinitesimal generator of a strongly continuous semigroup 
{T(t) : t > 0} on a separable Banach space X . Let he an open connected subset of apt{B) 
which intersects the imaginary axis. For each z in Q let (p^ be a nonzero eigenvector, i.e. 
B(f)z = z(j)z- Suppose that for every f in the dual space X' of X the function Fj : Q C, 
defined hy 

Ff = (/, 0.) 

is analytic and does not vanish identically unless / = 0. Then the semigroup {T{t) : t > 0} 
is chaotic. 

Many authors studied sufficient conditions for a strongly continuous semigroups to be 
hypercyclic (see [9] and the references therein). 

2.2. Lorentz spaces. Let / be a measurable function on the measure space {X,Ai,fi). 
The nonincreasing rearrangement of / is the function /* on defined by 

f*{t) = inf {s G M+ : /i ({a; G X : > s}) < t} Vt G M+. 

The function /* is nonincreasing, nonnegative, equimeasurable with / and right-continuous 
For any given measurable function / on X, we define 




l<p<oo, l<g<oo, 



and 

\\f\\LP^o.= sup {s'/^ris) : SGM+} 1 < p < oo. 

Definition 3. Let 1 < p < oo and 1 < q < oo. The Lorentz space L^''^{fi) consists of 
those measurable functions / on X such that H/H^^p,? is finite. 

It is easy to check that L^'^{fi) coincides with the usual Lebesgue space L'^{fi), with 
equality of norms. Moreover, if qi < q2, then L^'^i(yu) is contained in L^''^^{fi) and, if 
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1 < p,q < oo, the dual space of U''''(fi) is Here and elsewhere in this paper p' 

and q' are the conjugate exponents of p and q, i.e. ^ + ^ = ^ + ^ = 1. 

A good reference for Lorentz spaces is ^ . We recall the following multiplication theorem 
from that paper. 

Lemma 2.2. [8^, p. 271] Letpo,pi andqo,qi be in [l,oo]. Then there exists a constant C 
such that for every f in L^°''^°{^) and m in L^^^'^^lfi) 

where - = — + — and - = — + —. 

p po pi q qo qi 

2.3. Jacobi Analysis. We recall some facts about Jacobi analysis which we shall need 
in the sequel. We follow Koornwinder [12] and the normalizations therein. Throughout 
this paper, a,/3 will be real numbers, with a > (3 > — |, a > — |. We define 

A{x) = (2 sinh (2 cosh xf^^^ Vx > 0. 

For complex A and p = a + /3 + 1, let 

MV A'jx) d 
\dx J A{x) dx 

and consider the differential equation 

(2.1) Au{x) = {X'^ + p^) u{x) x>0. 

Using the substitution z = — sinh^ x, we can transform equation f l2.ip in the well known 
hypergeometric differential equation 

z{l - z) u"{z) + (c - (a + 6 + l)z) u'{z) - abu{z) = 

of parameters a = |(p — iX), b = i(p + iX), c = a + 1. 

Let 2F1 denote the Gaussian hypergeometric function. The Jacobi function ipx = V^i" '''' 
of order (a, (3) 

^x{x) = 2-Fi(|(p — iX), Kp + iX); a + 1, — sinh^ x) x eR 

is the unique even smooth function on M which satisfies u{0) = 1 and the differential 
equation (12. ip . 
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Therefore the function A <f\{x) is analytic for all x G M. Moreover {v^a} is a 
continuous orthogonal system on with respect to the weight function A. 

We consider on IR+ = (0, oo) the measure /z which is absolutely continuous with respect 
to the ordinary Lebesgue measure and has density A. When 1 < p < oo we denote by 
LP{fi) the ordinary Lebesgue space on IR+ with respect to the measure /x. 

Note that 



(2.2) 1^(^)1 <C 



^2a+l < X < 1 

e^^^ X > 1. 



The Jacobi transform / i — > f is defined by 

/(A)= / f{x)^,{x)d^^{x) 



for all functions / on and complex numbers A for which the right hand side is well 
defined. 

Let V^{R) be the space of smooth even functions on M with compact support and 
denote by P^(M"^) the space of the restrictions to of functions in ©"(M). Note that 

(Afy = iX' + p')f, V/GI?»(M+). 

The following inversion formula holds for functions in V^(R) [12, p. 9] 



/(^) = 7r / /(A)v^A(x)|c(A)|-^rfA, VxGM 

^TT Jo 

where c(A) is a multiple of the meromorphic Harish-Chandra function given by the formula 

^"r(i(p + zA))r(i(p + zA)-/3)- 

Moreover the Jacobi transform / i — y f extends to an isometry from L'^^n) onto L^(M, ^ |c(A) | 
The following formula holds 

poo 

(2.3) ipx{x)^x{y)= Lpx{u)W{x,y,u)dfi{u) 

Jo 

where the kernel W is explicitly known (see [121 P- 58]). Thus one can define the (gener- 
alized) translation operator 

POO 

rJiy)= fiu)Wix,y,u)dfiiu) V/ G I?«(M+) 
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and the (generalized) convolution of functions f,g in D^(M+), say, by 

POO 

f-kg{x)=j T^fiy)giy)dfx{y), 
Jo 

so that 

if^gy =f9- 

The function W is nonnegative, supported in \x — y\ < u < x + y and symmetric in its 
three variables, so that f g = g f ■ From (12 .Sp with A = it follows 

W{x, y, u) dfi{u) = 1. 



Moreover r^fdfi = f and tq/ = /. Finally, the Young inequality holds 
p. 61] 

(2.4) ||/^^?||.<C||/||,||^7L - + - = ! + -. 

p q r 

2.4. Heat kernel. Let / be in ©"(M^) and consider the initial value problem for the heat 
equation 

{Au(t, x) = dfuit, x) 
t>0,xeR 
\imt_,o+u{t,x) = f{x). 

One can show that the solution u to the problem (12.51) can be written as M(t, x) = f-kht{x), 
where the function ht is called heat kernel and it is defined on the Jacobi transform side 
by 

ht{X) = e-*(^'+''') Vt > 0, A G C. 

The heat kernel ht is a nonnegative function in L'^{fi) for all p > 1 and \\ht\\i = 1 [I]. 
For every p in [1, oo] denote by Ap the closure in L^{fi) of the operator A with domain 
V^{R'^). By the Young inequality (12.41) . the family of operators {-f/p(t)}i>o defined by 

is a strongly continuous symmetric semigroup on whose generator is Ap. 

The sharp estimate for the heat kernel was established in [TT] 



(2.6) ht{x) ~ r'^-^ {l+t + a;)"-5 (1 + x) e""'* e"^'/^* Vx > 0, t > 0. 
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Here /(x) ~ g{x) stands for Cig{x) < f{x) < C2g{x), for some constants Ci and C2. 

3. The inversion formula 
Since for real values of A, we have \(px\ < ipo < I (see [121 p. 53]), the function space 

I/Q(/i) = {/ : R"*" — 7- C : / measurable and f(fo G 

contains L}{^) and the Jacobi transform / is well defined as a function on M when / is 
in Ll{ii). 

In the next results we show that the Lorentz spaces l<p<2, l<g<oo are 

subspaces of Ll{fi). 

When 1 < p < CX3 we define 



S'p={AgC : |Im(A)| < p} 



Note that Sp = Spi, when p > 1. By 5*° and dSp we denote respectively the interior and 
the boundary of Sp. It is well known that from the estimate |12l p. 53] 

(3.1) |(/?A(a;)| < C(l +x)e(l^'^(^)l-^)^ Vx>0,AgC, 

it follows that if 1 < p < 2 and A is in S° then (px is in L'^' {^). A more precise result 
holds (see [H] for the case of Damek-Ricci spaces) . 

Lemma 3.1. The following estimates hold. 

(i) Let 1 < p <2. If X is in S° then (px is in U''''^{^) for any q in [1, 00]. 

(ii) If 1 < p < 2 and A is in dSp then (fx is in L'^''°°(fi). 

(iii) If p = 2 and A is real, then ^9^/(1 + x) is in L'^'°°{fi). 

Proof. Let 1 < p < 2. It suffices to show that (i) holds with q = I. By (13.11) . when A is in 
Sp for some e > 0, 



therefore 

if*x{t) <C^*{t) VtG 
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where i/j{x) = e~^p^~^'^^^''^ . We now compute tp*. By equation (12.21) we have 

A{x) dx <t 

t > 1 

const t < 1. 

We conclude that ip* belongs to L^'''^{fi) for any q in [1, oo]. 

The proofs of (ii) and (iii) are similar. If p = 2 and A is real we apply again (13.11) . 
If |Im (A) I = (2/p — l)p and 1 < p < 2, we use the inequality [7] 

(3.2) \ifx{x)\ < C5e-(l^"^(^)l+'')" Wx>5>0. 

□ 

Denote by Pp, 1 < p < oo, the parabolic region 

Pp = {A2 + p2 ; AGS';}. 

Corollary 3.2. Let 2 < p < oo. For any z in the parabolic region Pp there exists a 
nonzero (p^ in such that A^^ = z(j)z- 

Note that Corollary 13.21 implies that the parabolic region Pp is contained the point 
spectrum apt{Ap), for 2 < p < oo. 

Corollary 3.3. LP'''(/i) C Lj(/i), 1 < p < 2, 1 < g < oo. 

Proof. Use the multiplication theorem with / in L^'*^ and m = (fo which is in 

So, when / is in L^'"^, we can define the Jacobi transform / as a function on M and 
actually / turns to be holomorphic in 3°. 

Corollary 3.4. // / is in L^^'^dj,), 1 < p < 2, 1 < q < oo, then f is a bounded function 
in the strip Sp holomorphic in S°. 

Proof. Use Lemma 13.11 and the Morera Theorem. □ 

We include the next result, which we were unable to find in the literature (see [2] in 
the case of Damek-Ricci spaces). 
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Proposition 3.5. The heat maximal operator 

H*f{x) = snp \ht^f{x)\ /eP«(M+) 
is of weak type (1,1) and of strong type {p,p). 

Proof. Since \\ht\\i = 1 for every t > and by fl2.4p . the heat maximal operator is trivially 
bounded on L°^{fi). We now prove the weak L^-estimate. From this estimate and the 
Marcinkiewicz Interpolation Theorem the thesis follows. 

As usual, we shall deal with the small time maximal function 

H*f{x)= sup \ht^f{x)\ /gP»(M+) 

0<t<l 

and the large time maximal function 

HU{x) = snp\ht^fix)\ fev\m+) 

t>l 

separately. Note that 

HU<\f\^[snpht]. 

t>i 



-1/2 p-2px^ 



From the heat kernel estimate (12. 6p it follows that sup^yiht{x) = 0((1 + x)^^'^e 
when X is large so that is of weak type (1, 1). Indeed, if k{x) = cosh(x)~^^, Liu [13 
Lemma 3.2] proved that 



Txkiy) < C cosh(x)-2^ Vy > 



so that 



Therefore 



\f\^k{x)= \ \f{y)\rJz{y)A{y)dy<co^\v[x)-^<^\\f\\^. 



[i{x : \f\^k{x) > X}<fi{x : (coshx)^^ < C||/||i/A} 

A{u) du 

<C{coshxo)"' = C\\f\\i/X. 

where xq > is such that (cosha;o)^'' = C ||/||i/A (if any, otherwise xq = and the weak 
type inequality is trivial). 
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In order to prove that Hq is of weak type (1, 1), we first note that the estimates of the 
heat kernel imply that when < t < 1, 

0<ht{x) <Ce-'''/^ = ki{x) x>l 
ht{x) ~ kt{x) < X < 1, 

where 

Let X denote the characteristic function of the interval [—1, 1], and write 

H*f{x)< sup \({l-x)ht)^f{x)\+snp \ixht)^fix)\<hMf\{x) + C sup (x^O^I/K^) 

0<t<l 0<t<l 0<t<l 

Since the kernel ki is integrable, the operator f ki-k f is L^-bounded. 

For the estimate of the other term we will use the weak type (1, 1) boundedness of a 
Hardy-Littlewood maximal function. Let Xr denotes the characteristic function of [— r, r] , 
normalized so that j Xr dfi = 1 and define 

M/ = supX,^|/|. 

r>0 

Liu [13] proved that the operator M is of weak type (1,1). 

Let u{y) = J^A{x) dx and = T^\f\{u) A{u) du. Note that G{y) < u{y) Mr^|/|(0). 
Applying the size estimate fl2.2p . we get 



{xh)^\f\{x)= l\M\iy)Hy)dfi{y) 







'ciy) K{y)dy + Gil)h{l) 



< Mr,|/|(0) /' u{y){-K{y)) dy + G{l)h{l) 
Jo 

<Mr,.|/|(0) / u\y)hiy)dy 
Jo 

= Mf{x) [ kt{y)A{y)dy<Mf{x). 
Jo 

The thesis follows. □ 
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The standard method of approximation using the heat kernel gives the following inver- 
sion formula for functions in the Lorentz space LP''^(/i), with l<p<2,g>l (see [Tl| 
for the case of Damek-Ricci spaces). 

Proposition 3.6. Let f be in L^'^^^jji), with 1 < p <2, q>\ or f in U L'^{fi). If f is 
in L"'^(M, |c(A)|~^ dA), then for almost every x in R"*", 

(3.3) ^^^) = ^ / f{\)Mx)\c{X)\-'dX. 

Proof. We can write / = /i + /2, where fi is in L^{fi) and /2 is in L?{^) [8]. Then for every 
t > 0, we have f -kht = /i * /i* + /2 * ht. Since the heat maximal operator is of weak type 
(1, 1) and gicht{x) — )■ g{x), for t — )■ 0, whenever g is smooth and compactly supported, it 
follows that there exist measurable sets Ei, E2 of null measure such that fi-kht{x) fi{x) 
for all X in '^Ei and /2 * ht{x) — ?■ f2{x) for all x in '^E2, as t — > 0. This implies that if x is 
not in El U E2 then / ht{x) -> f{x) as t -> 0. Moreover fi{E) < /i(-E'i) + At(i?2) = 0. 
Since / is in L^(R, |c(A)|^^ dX), for every test function ip we have 

{f^ht,^P) = — / / /(A)e-*(^'+''')^A(x)|c(A)r^dA^(x)d/i(^). 

^71" Jo Jo 

Using the Dominated Convergence Theorem we now get the result. □ 

4. Dynamics of the heat semigroup 

For every p in [1, 00] denote by Ap the closure in L^{fi) of the operator A with domain 
©"(R^). As previously observed the family 

e-'^-f = h,^f V/GLP(/i) 

is a strongly continuous semigroup on W^jj). 

In this section we study the dynamics of the shifted semigroup 

Theorem 4.1. Let 2 < p < 00. Then for all 6 > Op = — 



— 1 j the semigroup 



is chaotic. 
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Proof. We apply Theorem 12.11 By Corollary (13. 2p . the parabolic region Pp is contained 
in the point spectrum apt{Ap) and the corresponding eigenfunctions are given by the 
appropriate Jacobi functions. The vertex of the parabolic region Pp is at the point 



2 

- - 1 

P 



' 1 
pp' 



and hence the point spectrum of (Ap — 6) intersects the imaginary axis for all 6 > 6p. 
Suppose now that 6 > Op and let VLq denote the set (Pp — 6)\{z : z < — 6}, i.e. 



I^GC : z = \^ + p^-e |Im (A)| < (1-pp} \{zGM: ;2<p2-^}. 



Then VLq is an open, connected subset of the point spectrum of (Ap — 6) that intersects 
the imaginary axis. 

Since {VLq 9 — p^) fl {x G M : x < 0} = we choose an analytic branch z + 9 — 
of the square root so that Re ^J z + 9 — p"^ > 0, for every z in ^Ig. Note that z i — > 



z + 9 — p'^ maps VLq onto the open strip 

|a G C : ReA > 0, |ImA| < p(l - |)| . 
For every z in VLq we choose the eigenfunction (p^ defined by 



(4.1) = V^A where z = )? + p^ — 9, 

so that {Ap — 9)(f)z = z(j)z- As in Theorem 12. H for every / in If' (p), we define the function 
Ff : Vte — ^ C by 

F^(z) = (/,</),) = /(v/^ + ^-p')- 

Then by Corollary 13.41 the function Ff is holomorphic since it is the composition of two 
holomorphic functions. Moreover = implies / = by the inversion formula (13. 3p . 

□ 

In the following theorem we prove that the semigroup 
is not chaotic when 1 < p <2 for every 9 in M. 
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Theorem 4.2. Let 1 < p < 2 and 9 in M. Then the semigroup 

does not have periodic elements. Moreover when 1 < p < 2 it is not hypercyclic. 

Proof. Let l<p<2,^inR and / a periodic point in LP{jj,) for e"*'-^''"^-'. Then there 
exists t > such that hfk f = f oi equivalently ^e'^^^^^^^^^^ — f{\) = for every A in 
5"° when 1 < p < 2 and for almost every real A when p = 2. By the inversion formula (13. 3p 
/ = and the first part follows. 

Let 1 < p < 2 and assume that the semigroup e^**^^*"^^^ is hypercyclic. Then, the 
dual operator (Ap — 6)' = Ap/ — 9 of its generator would have empty point spectrum [5l 
Theorem 3.3]. This a contradiction and the thesis follows. □ 
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